2.1 INTRODUCTION

There are six rows and each row has six plants in a garden. How many plants are there in
total ? If there are ‘x’ plants, planted in ‘x’ rows then how many plants will be there

in the garden? Obviously itis X

The cost of onions is 10 per kg. Inder purchased
p kg., Raju purchased q kg. and Hanif purchased » kg.
How much each would have paid? The payments would
be10p,T10q and X10r respectively. A/l such examples

show the use of algebraic expression.

We also use algebraic expressions such as ‘s°t0

find area of a square, ‘/b’ for area of a rectangle and ‘/bh’

for volume of a cuboid. What are the other algebraic expressions that we use?

Algebraic expressions such as 3xy, x2+2x, - x>+ dx + 3, nr2, ax + b etc. are called
polynomials. Note that, all algebraic expressions we have considered so far only have non-

negative integers as exponents of the variables.

Can you find the polynomials among the given algebraic expressions:

2

3
x°, x2 +3, 2x2—;+5; x2+xy+y2

o=

1
From the above x? + 3 is not a polynomials because the first term x? is a term with an

1 3
exponent that is not a non-negative integer (i.e. 5 ) and also 2% - " + 5 is not a polynomial

because it can be written as 2x* — 3x ' + 5. Here the second term (3x_1) has a negative

exponent. (i.e.,—1). Analgebraic expression in which the variables involved have only non-

negative integral powers is called a polynomial.
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Which of the following expressions are polynomials ? Which are not ? Give reasons.

() 4x*+5x-2 i) -8 (i) 5 (iv) 2x2+%—5
1
V) Bx*+5y o) o) oy (i) 3xyz

We shall start our study with polynomials in various forms. In this chapter we will also
learn factorisation of polynomials using Remainder Theorem and Factor Theorem and their use
in the factorisation of polynomials.

\BL

Let us begin by recalling that a variable is denoted by a symbol that can take any real
value. We use the letters x, y, z etc. to denote variables. We have algebraic expressions

3 : . .
2x,3x, —x, 2 X ....all in one variable x. These expressions S

are of the form (a constant) x (some power of variable). Now,
suppose we want to find the perimeter of a square we use the S S
formula P =4s.

Here ‘4’ is a constant and ‘s’ is a variable, representing the S

side of a square. The side could vary for different squares.

Observe the following table:

Side of square Perimeter
| (s) (4s)
4 cm P=4x4=16cm
Scm P=4x5=20cm
10 cm P=4x10=40 cm

Here the value of the constant i.e. ‘4’ remains the same throughout this situation. That is,
the value of the constant does not change in a given problem, but the value of the variable (s)
keeps changing.

Suppose we want to write an expression which is of the form ‘(a constant) x (a variable)’
and we do not know, what the constant is, then we write the constants as a, b, ¢ ... etc. So
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these expressions in general will be ax, by, cz, .... etc. Here a, b, ¢ ... are arbitrary constants.
You are also familiar with other algebraic expressions like 2+ 1, P+ 3% —dx+ 5.

-

XL
!L-'\b - .
k!

All these expressions are polynomials in one variable.

* Write two polynomials with variable ‘x’
» Write three polynomials with variable ‘y’
* Is the polynomial 2%+ 3xy+ Sy2 in one variable ?

» Write the formulae of area and volume of different solid shapes. Find out the variables
and constants in them.

IAL

Each term of the polynomial consists of the products of a constant, called the coefficient
of'the term and a finite number of variables raised to non-negative integral powers. Degree of a
term is the sum of the exponent of is variable factors. And the degree of a polynomial is the
largest degree of its variable term.

Lets find the terms, their coefficients and the degree of polynomials:
(i) 3x2+7x+5 (ii) 3x3% +4xy +7

In the polynomial 3x%+7x+5, each of the expressions 3x%, 7x and 5 are terms. Each
term of the polynomial has a coefficient, so in 3x% + 7x + 5, the coefficient of x” is 3, the
coefficient of x is 7 and 5 is the coefficient of x° (Remember xV= 1)

You know that the degree of a polynomial is the highest degree of its variable term.

Asthe term 3x” has the hi ghest degree among all the other terms in that expression, Thus
the degree of 3x? + Tx + 5 is 2’

Now can you find coefficient and degree of polynomial 3x2y3 +4xy+7.

The coefficient of xzy3 is 3, xy is 4 and xOyO is 7. The sum of the exponents of the
variables in term 3x2y3 is 2 +3 =5 which is greater than that of the other terms. So the degree

of polynomial 3x2y3 +4xy+7is 5.

Now think what is the degree of a constant? As the constant contains no variable, it can be
written as product of x°. For example, degree of 5 is zero as it can be written as 5x°. Now that

you have seen what a polynomial of degree 1, degree 2, or degree 3 looks like, can you write
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down a polynomial in one variable of degree » for any natural number #? A polynomial in one

variable x of degree 7 is an expression of the form
ax"+ a}H)cW1 +...tax+ta,
where ay, a,, a,, . . ., a, are constants and a, # 0.
Inparticular, ifay=a, =a,=a;=...=a,=0 (i.e. all the coefficients are zero), we get
the zero polynomial, which is the number ‘0’.

Can you say the degree of zero? It is not defined as we can’t write it as a product of a
variable raised to any power.

1. Write the degree of each of the following polynomials -
G 75 +5x°+2x-6 () 7-x+3x%
@) Sp-+3 @) 2 v) =50
2. Write the coefficient of x* in each of the following
G 15-3x+2x* () 1-x (i) > —3x+5 (iv) +V2x*+5x—1
Let us observe the following tables and fill the blanks.
(1) Types of polynomials according to degree :
Degree of a Name of the Example
polynomial polynomial
Not defined Zero polynomial 0
: 3
Zero Constant polynomial -12; 5; 7 etc
1 x—12; —7x + 8; ax + b etc.
2 Quadraticpolynomial |,
3 Cubic polynomial 30— 22+ 5x+ 7

Usually, a polynomial of degree ‘%’ is called n® degree polynomial.
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(i) Types of polynomials according to number of terms:
Number of non-zero . Name of the Example Terms
terms polynomial
1 Monomial —3x —3x
2 Binomial 3x+5 3x, 5
3 Trinomial 22455+ 1| s
More than 3 Multinomial | 3x3, 2x2, —7x, 5
Every polynomial is a multinomial but every multinomial need not be a polynomial.
A linear polynomial with one variable may be a monomial or a binomial.
Eg: 3x or2x-5
AND, WV _
22
—

How many terms a cubic (degree 3) polynomial with one variable can have?

Give examples.

If the variable in a polynomial is x, we may denote the polynomial by p(x), g(x) or r(x)

etc. So for example, we may write b

) s "*-.Ii
plx) =3x"+2x+1 1. Writea polynomial with

4(x) = P52t 2 terms in variable x.

. 2. How can you write a
)=y -1 polynomial with 15 terms
5 in variable p ?
Hz)=z"+5z+3
A polynomial can have any finite number of terms.

So far mostly we have discussed the polynomials in one variable only. We can also have

polynomials in more than one variable. For example x + y, x*+ 2xy + yz, X2 - y2 are

2 3

polynomials in two variables x, y. Similarly 2 y2 +22, 5+ y3 +z” are polynomials in three

variables. You will study such polynomials later in detail.
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. Find the degree of each of the polynomials given below

) »-x*+3 (@) x*+x-5 (iii) 5

) 3°+6°-7 v) 4-)? i) 5t— 3

Which of the following expressions are polynomials in one variable and which are not ?
Give reasons for your answer.

2
A 3x°-2x+5 () x*+42 () p*-3p+q () y+;

O Syx+xyds o) x4yl

Write the coefficient of x° in each of the following

Q) PH+x+1 (@) 2-F+x° (i) D2 +5 (v) 2x°+5
T 3 . 2, . 2 :
v) Sx+x ) T3 ¥ (i) 2x°+5 (vi) 4
Classify the following as linear, quadratic and cubic polynomials
@) Sx2+x-7 (11) x—x (ii1) X +x+4 av) x-—1
v 3p v 7

Write whether the following statements are True or False. Justify your answer
(1) A binomial can have at the most two terms
(i) Everypolynomialis a binomial
(1) A binomial may have degree 3
(iv) Degree of zero polynomial is zero
(v) The degree of X2+ 2xy + y2 s 2
M) 7 #* is monomial.

Give one example each of a monomial and trinomial of degree 10.

Consider the polynomial p(x) = x> +5x+4.
What is the value of p(x) forx=1.

For this we have to replace x by 1 every where in p(x)
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Bydoingthis p(1) = (1)*>+5(1) + 4,
we get =1+5+4=10
So, we say that the value of p(x) atx=11s10
Similarly find p(x) forx=0and x=—1

p(0) = (0)>+5(0)+4 p(=1) =(=D*+5-1)+4
=0+0+4 —1-5+4
=4 -0

Can you find the value of p(—4)?

o Consider another polynomial

s(;) = 4 =57 — )P +6

s(1) = 4(1)* = 5(1)> - (1)* + 6
=4(1)-5(1)=-1+6
=4-5-1+6
=10-6
=4

Canyoufind s(-1)="?

Find the value of each of the following polynomials for the indicated value of -
variables:

1) p(x) =4x>~3x+7at x=1

@ ¢0) =2 —4y+ 11 aty=1

(i) #(f) = 4/ +3° —P+6ati=p, R
() s(z)=z3—1 atz=1
(V)p(x)=3x2+5x-7atx=1

(vi) q(z)=523-4z+ﬁat222

e Now consider the polynomial »(¥) =¢—-1
Whatis ~(1)? Itis n(1)=1-1=0
Asr(1)=0, wesay that 1 isazero of the polynomial (7).

In general, we say that a zero of a polynomial p(x) is the value of x, for which p(x)=0.



34

This value is also called a root of the polynomial p (x)
What is the zero of polynomial f{x) =x+1?

You must have observed that the zero of'the polynomial x+ 1 is obtained by equating
itto 0. i.e., x+ 1 =0, which gives x =—1. If f{x) is a polynomial in x then f{x)=01is called a
polynomial equation in x . We observe that ‘—1” is the root of the polynomial f{x) in the above
example So we say that ‘—1" is the zero of the polynomial x + 1, or a root of the polynomial

equationx + 1=0.

e Now, consider the constant polynomial 3. % E:I y
Can you tell what is its zero ? It does not Find zeroes of the followiﬁg ' .
have a zero. As 3 = 3x” no real value of x polynomials
gives value of 3x”. Thus a constant polynomial 1. 2x=3 2. X —5x+6
has no zeroes. But zero polynomial is a 3. x+5

constant polynomial having many zeros.

p(x)=x+2. Find p(1), p(2), p(—1) and p(-2). What are zeroes of the
polynomial x +27?
Let p(x) =x+2
replace x by 1

p()=1+2=3
replace x by 2
p2)=2+2=4

replace x by —1
p)=-1+2=1
replace x by -2
p(=2)=-2+2=0
Therefore, 1,2, -1 are not the zeroes of the polynomial x + 2, but -2 is the zero of the
polynomial.
Find a zero of the polynomial p(x) =3x+1

Finding azero of p(x), is same as solving the equation

p(x) =0

1e. 3x+1 =0
3x = -1

1
=73
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So, 3 is a zero of the polynomial 3x + 1.

Find azero of the polynomial 2x — 1.
Finding a zero of p(x), is the same as solving the equation p(x) =0
As2x—-1=0

1
x=3 (how ?)

1
Check it by finding the value of P (Ej

Now, if p(x) =ax+b, a # 0, alinear polynomial, how will you find a zero of p(x)?

As we have seen to find zero of a polynomial p(x), we need to solve the polynomial
equation p(x) =0

Whichmeans ax+b=0, a #0

So ax =-b

-b
So, x= o is the only zero of the polynomial p(x) =ax + b i.e., Alinear polynomial

in one variable has only one zero.

#
- ' Ll
Fillin the blanks: e

Linear Zero of the polynomial
Polynomial

xX+ta —a
XxX—a | -

ax +b | emmmemmeeeee-

ax—>b
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Example-4.  Verify whether 2 and 1 are zeroes of the polynomial X2 —=3x+2
Solution: Let p(x) = X2 —3x+2
replace x by 2
pQ2) = °-32)+2
=4-6+2=0
alsoreplace x by 1
p(1) =(1)*=3(1) +2
=1-3+2
=0

Hence, both 2 and 1 are zeroes of the polynomial x?—3x+2.
Is there any other way of checking this?
What is the degree of the polynomial x> —3x+2? Isitalinear polynomial ? No,
itis a quadratic polynomial. Hence, a quadratic polynomial has two zeroes.
Examp If 3 is a zero of the polynomial x> +2x—a. Find a?
Solution : Let p(x) = X+2x—a
As the zero of this polynomial is 3, we know that p(3) = 0.
X+2x—a =0

Putx=3, 3’ +2(3)—a=0

9+6-a=0
I5-a=0
—-a=-15

or a=15

THINK AND DIScuss @
NS

1. x?+ 1 has no zeros. Why?

2. Canyou tell the number of zeroes a polynomial of degree ‘»’ will have?

EXERCISE - 2.2

1. Find the value of the polynomial 4x* — 5x+3, when
1
1)x=0 (i) x=-1 (i) x=2 (iv)x= )

FRee DisTRIBUTION BY A.P. GOVERNMENT
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2. Find p(0), p(1) and p(2) for each of the following polynomials.
i) pe)=x*-x+1 @ po)=2+y+2° -y’
(i) pz)=2" ) p(0) =(@-1)@+1)
v) px)=x*-3x+2

3. Verify whether the values of x given in each case are the zeroes of the polynomial or not?.

Q) p(x)=2x+1;x=—% (ii) p(x)=5x—n;x=_?

i) p)=x"-1; x=+1 @) p(x)=(r- Dx+ 2); x=~1,-2
b

© p()=y% y=0 ™) pe)= ax+bjx=-——

! L32 1 i, g N BN 11

(vi)  flx) =3x"—1; BB (viil) f(x) =2x - ,X= 2

4. Find the zero of the polynomial in each of the following cases.
N fx)y=x+2 @ fx)y=x-2 @) fix)y=2x+3
@ M)=2-3 @ f)=x ) f)=pr, p#0
(vi) fix)=px+gq, p # 0, pq are real numbers.
5. If 2 isazero of the polynomial p(x)= 2x? —3x +7a, find the value of a.

6. If0and 1 are the zeroes of the polynomial f(x)= 2x> = 3x? +ax+b, find the values
of aand b.

IG §
Observe the following examples

(1) Let us consider two numbers 25 and 3. Divide 25 by 3. We get the quotient 8 and
remainder 1. We write
Dividend = (Divisor x Quotient) + Remainder
So, 25=(8 x3)+ 1
Similarly divide 20 by 5, we get 20=(4 x 5)+0
The remainder here is 0. In this case we say that 5 is a factor of 20 or 20 is a multiple

of 5.

As we divide a number by another non-zero number, we can also divide a polynomial by

another polynomial? Let’s see.
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(i) Divide the polynomial 3+ +x by the monomial x.

3x° x* x
Wehave(3x3+x2+x);x: _t - —
X X X

=32 +x+1
In fact x is a common factor to each term of 3x° + x> +x So we can write

3+ +x as xBx2+x+ 1)

What are the factors of 3x° +x* + x ?

(i) Consider another example (2x2 +x+1) +x _ 2x+1
Here,(2x2+x+l)+x = —+—+— 2
X X X -2x
1 x+1
= 2x+t1+—
X -X
Isita polynomial ? 1

1 . A
As one of the term — has a negative integer exponent (i.e. — =x 1)
X X

1
-, 2x+1+ — isnotapolynomial.
&
We can however write
2 +x+1) =[x x Qx+ 1] +1

By taking out 1 separately the rest of the polynomial can be written as product of two
polynomials.

Here we can say (2x + 1) is the quotient, x is the divisor and 1 is the remainder. We must

1. Divide 3y3 + 2y2 +y by ‘y’ and write division fact -

keep in mind that since the remainder is not zero, ‘x’ is not a factor of 20 +x+1.

2. Divide 4p2 +2p+2 by ‘2p’ and write division fact.

Divide 3x>+x—1 byx+ 1.
Consider p(x) =3x>+x—1 and g(x) =x + 1.

Divide p(x) by g(x). Recall the division process you have learnt in earlier classes.
2
X
Step 1: Divide — = 3x, it becomes first term in quotient.
X
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Step 2 : Multiply (x+ 1) 3x =3x>+3x 3x-2
2
by subtracting 3x> + 3x from 3x%+ x, we get —2x x+1 53’6 +x—1
I 3x%+3x
Step 3 : Divide T = -2 itbecomes the 2nd term in the quotient. = -
—2x-1
Step 4 : Multiply (x + 1)(-2)=-2x -2, Coy_n
Subtract it from —2x — 1, which gives ‘1°. + o+
+1

Step 5 : We stop here as the remainder is 1, a constant.
(Can you tell why a constant is not divided by a polynomial?)

This gives us the quotient as (3x —2) and remainder (+1).

The division process is said to be complete if we get the remainder O or the degree of
the remainder is less than the degree of the divisor.

Now, we can write the division fact as
W Hx—1=(x+1)(Bx-2)+1
i.e. Dividend = (Divisor x Quotient) + Remainder.
Let us see by replacing x by —1 in p(x)
plx) = 3 +x—1 | Ttis observed that the value of p(~1)
p(-1) = 3(—1)2 +(-D-1 is equal the remainder; i.e.is “1°.
=3+ +(=)-1=1.
So, the remainder obtained on dividing p(x) = 3xt+x-1 by (x+1) issameasp(-1)
where -1 is the zero of x + 1. 1.e. x=—1.
2x® —2x*—2x-5
x—1)2x* — 42’ ~3x -1

Let us consider some more examples.

Divide the polynomial 2t — 4%’ —3x -1

4 3
by (x—1) and verify the remainder with zero of the divisor. % * - _%_ *
1: Let f(x)=2x"—4x’ = 3x— 1 —2x3 —3x—1
First see how many times 2x*is of x. —2x7 +2x°
+ J—
23t
2oy T
X 2
Now multiply (x — 1) (2x%) = 2x* — 2x° ;Zx +2x
Then again see the first term of the remainder that 5x—1
is —2x°. Now do the same. —5x 45
+ —
-6
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Here the quotient is 2x% = 2x* —2x—5 and the remainder is —6.
Now, the zero of the polynomial (x—1)1is 1.
Putx=1 in f(x), f(x)= 2x* —4x’ - 3x -1

D) =201 -4(1)* -3(1) - 1
=2()-41)-3(1)—-1
=2-4-3-1
=6

Is the remainder same as the value of the polynomial f{(x) at zero of (x —1) ?

From the above examples we shall now state the fact in the form of the following theorem.
It gives a remainder without actual division of a polynomial by a linear polynomial in one
variable.

Remainder Theorem :

Let p(x) be any polynomial of degree greater than or equal to one and let ‘a’
be any real number. If p(x) is divided by the linear polynomial (x — a), then the
remainder is p(a).

Letus now look at the prooEof this theorem.

Proof : Let p(x) be any polynomial with degree greater than or equal to 1.

Further suppose that when p(x) is divided by a linear polynomial g(x) = (x — a), the
quotient is g(x) and the remainder is 7(x). In other words, p(x) and g(x) are two polynomials
such that the degree of p(x)>degree of g(x) and g(x) # 0 then we can find polynomials g(x)
and 7(x) such that, where (x) =0 or degree of r(x) < degree of g(x).

By division algorithm,
) =gx) . q(x) + r(x)
L () =(x—a).qlx) + rx) v gx)=(x—-a)
Since the degree of (x — @) is 1 and the degree of 7(x) is less than the degree of (x — a).
.. Degree of r(x) =0, implies 7(x) is a constant, say K.
So, for every real value of x, r(x) =K.

Therefore,
px)=(x-a)qx)+K
Ifx=a, then p(a)=(a—a) qg(a) + K
=0+K
=K
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Hence proved.
Letus use this result in finding remainders when a polynomial is divided by a linear polynomial
without actual division.
Find the remainder whenx” + 1 divided by (x+ 1)
Here p(x)= X+ 1
The zero of the linear polynomialx+1 is =1 [x+1=0, x =—1]
So replacing x by —1
p(=1) =1y +1
=-1+1
=0

So, by Remainder Theorem, we know that (x3 +1) divided by (x + 1) gives 0 as the
remainder.

You can also check this by actually dividing O+1 byx+1.

Can you say (x + 1) is a factor of ()c3 +1)?

Check whether (x — 2) is a factor of X —2x*—5x+4
Let p(x) = X =232 5x+4
To check whether the linear polynomial (x —2) is a factor of the given polynomial,
Replace x, by the zero of (x —2) 1.e. x—2=0 = x= 2.
pQ) = @ -2 -52)+4
=8-2(4)-10+4
=8-8-10+4
=-6.
As the remainder is not equal to zero, the polynomial (x —2) is not a factor of the given
polynomial X —2x? —5x+4.
Check whether the polynomial p(y) = 4y3 + 4y2 —y—1isamultiple of 2y +1).
As you know, p(y) will be amultiple of (2y+ 1) only, if (2y + 1) divides p(y) exactly.

-1

We shall first find the zero of the divisor, 2y + 1, i.e., y= BE
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Replace y by _71 inp(y)
-1 1Y (1) (-1
f(3)-43) (5] 3
-1 1) 1
:4(§)+4(z]+5‘1

=_—1+l+l—l
2

=0
So, (2y+1) isafactor of p(y). Thatis p(y) is a multiple of 2y + 1).

Examp If the polynomials ax’ +3x* =13 and 2x° = 5x+ a are divided by (x—2) leave

the same remainder, find the value of a.

Solution : Let p(x) = ax> +3x* = 13 and q(x) = 2%’ —5x+a

-+ p(x) and g(x) when divided by x —2 leave same remainder.
Sop(2)=4(2)
a2y’ +3(2)>=13=2(2’=5Q) +a
8a+12-13=16-10+a
8a—1=a+6
8a—a=6+1
Ta="1

a=1

Exercise - 2.3

1. Find the remainder when x° +3x> +3x+ 1 is divided by the following

Linear polynomials :
@ x+1 (i) x—% &) )
v) 5+2x

2. Find the remainder when x° — px2 +6x —p is divided by x — p.

FRee DisTRIBUTION BY A.P. GOVERNMENT
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. Find the remainder when 2x%—3x + 5 is divided by 2x — 3. Does it exactly divide the
polynomial ? State reason.

2
. Find the remainder when 9x° — 3x> +x— 5 is divided by X — 3

. Ifthe polynomials 2 +ax® +3x—5 and x> + x> — 4x +a leave the same remainder
when divided by x — 2, find the value of a.

. If the polynomials X +ax® + 5 and x° — 2x° + g are divided by (x +2) leave the same
remainder, find the value ofa.

. Find the remainder when f(x) =x* — 3x> + 4 is divided by g(x)=x— 2 and verify the
result by actual division.

. Find the remainder when p(x) = x> — 6x° + 14x — 3 is divided by g(x)=1-2x and
verify the result by long division.

. When a polynomial 2x° +3x% + ax + b is divided by (x — 2) leaves remainder 2, and
(x +2) leaves remainder —2. Find a and b.

AUSING A POLY AL

As we have already studied that a polynomial g(x) is said to have divided a polynomial

p(x) exactly if the remainder is zero. In this case g(x) is a factor of p(x).

Forexample. When  p(x) =4x°+4x> —x—1 isdivided by g(x)=2x+ 1, if the remainder
is zero (verify)

then 4x° +4x> —x — 1 =gx)2x+1)+0
So p(x) =q(x)(2x+1)
Therefore g(x) = 2x + 1 is a factor of p(x).
With the help of Remainder Theorem can you state a theorem that helps find the factors of

a given polynomial ?

Factor Theorem : If p(x) is a polynomial of degree » > 1 and ‘a’ is any real
number, then (i) x — a is a factor of p(x), if p(a) =0 (ii) and its converse
“if (x — a) is a factor of a polynomial p(x) then p(a)=0.

Let us see the simple proof of this theorem.

Proof : By Remainder Theorem,

px) =(x—a) q(x)+pla)

(1) Consider proposition (i) If p(a)=0, thenp(x) = (x —a) q(x) + 0.

=(x—a) q(x)
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Which shows that (x — a) is a factor of p(x).
Hence proved.

(i) Consider proposition (ii) Since (x — a) is a factor of p(x), then p(x) = (x — a) g(x) for
some polynomial g(x)

.. pla) = (a—a)q(a)
=0
.. Hence p(a) = 0 when (x — a) is a factor of p(x)

Letus consider some examples.

Examp Examine whether x +2 is a factor of x> + 2x%> + 3x + 6
Solution : Let p(x) = x> +2x% +3x + 6 and gx)y=x+2
The zero of g(x) is —2
Then p(-2) =(=2)° +2(=2)*+3(=2)+6
=—8+2(4)-6+6
=—8+8-6+6
=0

So, by the Factor Theorem, x + 2 is a factor of x> +2x° + 3x + 6.

Examp Find the value of K, if 2x — 3 is a factor of 2x° — 9x” +x + K.
Solution : (2x — 3) is a factor of p(x) = 26— 9 +x + K,

3
If(2x-3)=0, x=5

3
.. The zero of (2x—-3) is 5

3
If (2x — 3) 1s a factor of p(x) then p(gj =0

plx) = 2 = 9x? +x + K,

3 2
= P[zj = 2(3) —9(§j +§+K:0
2 2 2 2
= 2[2)—9(2J+E+K=0
8 4, 2

= (2—7—E+§+K=0)><4
4 4 2
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27-81+6+4K=0

48 +4K =0
4K =48
So K=12

Show that (x — 1) is a factor of x'* — 1 and also of x!' 1.
Let p(x) = x'%~ 1 and glx)= -1
To prove (x—1) isa factor of both p(x) and g(x), it is sufficient to show that p(1)=0

and g(1)=0.
Now
px) = x0-1 and g(x) = -1
p(H=)""-1 and  g()=(D'" -1
=1-1 =1-1
Thus by Factor Theorem, Show that (x- 1)isa ;
(x — 1) is a factor of both p(x) and g(x). factor of x"' - 1.

We shall now try to factorise quadratic polynomial of the type ax> +bx+c, (where
a #0and a, b, c are constants).

Let its factors be (px+¢g) and (rx + s).
Then ax2+bx+c=(px+q) (rx +s)
= prx2 + (ps +qgr)x +gs

By comparing the coefficients of x%, x and constants, we get that,

a=pr

b=ps+qr

c=qs
This shows that b is the sum of two numbers ps and gr,
whose product is (ps) (gr) = (pr)(gs)

=ac

Therefore, to factorise ax® + bx + ¢, we have to write b as the sum of two numbers
whose product is ac.
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Factories 3x*+ 11x + 6

If we can find two numbers p and g such that p+¢=11and pg=3 x 6 =18, then
we can get the factors.

So, let us see the pairs of factors of 18.
(1, 18),(2,9), (3, 6) ofthese pairs, 2 and 9 will satisfy p+¢g=11
So 3+ 1lx+6 =3x"+2x+9%x+6
=x(3x+2)+30Bx+2)
=0Bx+2)(x+3).

®

Factorise the following -
1. 6x°+19x+ 15 2.10m* - 31m - 132 3. 12%% + 11x +2

Now, consider an example.

Verify whether 2x* = 6x° +3x% +3x - 2 is divisible by x> —3x+2ornot?
How can you verify using Factor Theorem ?

The divisor is not a linear polynomial. Itis a quadratic polynomial. You have learned
the factorisation of a quadratic polynomial by splitting the middle term as follows.

¥ -3x+2 =x>—2x—x+2
=x(x—-2)—-1(x—2)
=(x-2)(x-1).

To show x> —3x +2is a factor of polynomial 2x* — 6x> +3x% + 3x — 2, we have to
show (x —2) and (x —1) are the factors of 2t —6x® +3xF +3x - 2.

Let p(x) =2 —6x +3x2 +3x -2
then  p2) =2(2)*-6(2)° +3(2)*+3(2)-2
=2(16) — 6(8) +3(4) +6 -2
=32-48+12+6-2
=50 - 50
=0



PoLynomiALs AND FACTORISATION 47

Asp(2)=0, (x —2) is a factor of p(x).

Then p(1) 2= 6(1)> +3(1)2+3(1) -2

2(1) = 6(1)+3(1)+3 -2

2-6+3+3-2
=8-8
=0
As p(1) = 0,(x—1) is a factor of p(x).
As both (x — 2) and (x — 1) are factors of p(x), the product x> —3x+2 willalsobe a
factor of p(x) = 2x* — 6x> + 3x* + 3x — 2.
Examp Factorise x> — 23x% + 142x — 120
Solution : Let p(x)= x> —23x> + 142x — 120
By trial, we find that p(1)=0. (verify)
So (x — 1) is a factor of p(x)
When we divide p (x) by (x — 1), we get x* - 22x + 120.
Another way of doing this is,
P —23x% + 142x — 120 = x° — x* — 22x% + 22x + 120x — 120
= x(x—1)=22x (x = 1)+ 120 (x — 1) (why?)
=(x— 1) (x* = 22x + 120)

Now x* —22x+ 120 isa quadratic expression that can be factorised by splitting the

middle term. We have
x* = 22x+ 120 = x* — 12x — 10x + 120
= x(x—-12)-10 (x — 12)
= (x—12) (x - 10)

So, x° —23x% + 142x — 120 = (x — 1) (x — 10) (x — 12).
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1.

10

Determine which of the following polynomials has (x + 1) as a factor.

1) - -x+1 (i1) AoB P —x+1
() x*+2+2%+x+1 V) X*—x*-(3-3)x+ .3

Use the Factor Theorem to determine whether g(x) is factor of f{x) in each of the

following cases :
1) fix) = 500 +x% - 50— 1, gx)y=x+1
@ Ax) = A3 +3x+1, gx)=x+1
() Ax) =x>—4x* +x + 6, gx)=x-2
) fix) = 3%+ x% = 20x + 12, gx)=3x-2
) flx)=4x> +20x% + 33x + 18, g(x) = 2x + 3
Show that (x — 2), (x + 3) and (x — 4) are factors of x> — 3x> — 10x + 24.

Show that (x + 4), (x — 3) and (x — 7) are factors of x> — 6x% — 19x + 84.

1
Ifboth (x—2)and (x _Ej are factors of px2 + 5x +r, show that p =r.

If (x*—1)isa factor of ax* + bx> + cx? +dx +e, showthata+c+e=b+d =0
Factorize (i) x> —2x2—x+2 (i) x*=3x2—9x—5
(i) ¥+ 1322 +32x+20  (iv) ' +)P—y—1

If ax” + bx + ¢ and bx> + ax + ¢ have a common factor x + 1 then show that
c=0and a=0D.

Ifx* —x — 6 and x> + 3x — 18 have a common factor (x — a) then find the value of a.

If (y—3) is a factor of y3 — 2y2 — 9y — 18 then find the other two factors.

Recall that an algebraic Identity is an algebraic equation that is true for all values of the

variables occurring in it. You have studied the following algebraic identities in earlier classes

Identity I : (x+ y)2 = x*+ 2xy + y2

Identity I : (x — y)? = x* —2xp +)*
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Identity III : (x +y) (x —y) = x* —)*
Identity IV : (x + a)(x + b) = X2+ (a + b)x + ab.
Geometrical Proof :
For Identi x — ) 1
vy | Py |ow
Step-1 Make a square of side x. )
A
Step-11 Subtract length y from x. .
Step-111 Calculate for (x —y)? x ) (x=p)’ x
=2 [ =)yt E-py+)] Z
=X —xp+yt—xp+yt-) )
= .x2 j— ny +y2 v (x-y) &)=
X >

Try to draw the geometrical figures for other identities.
0  (x+y)Y =xt+2xp+)?

(i) (x+a)(x+b)=x"+(a+b)x+ab

<
A0 L

Find the following product using appropriate identities

O x+SHE+5) @ @E-3)@+3) @e-HE-1
(v) (t+2)(+4)  (v)102 x 98

(i) (x+y)(x-y)=x"-y°

Identities are useful in factorisation of algebraic expressions. Let us see some examples.

Factorise
() x°+5x+4 (i) 9x*—25
(i) 254° +40ab + 166> (iv) 49x* — 112xy + 64y*

Here x>+ 5x +4=x"+ (4 + Dx + (4) (1)

Comparing with Identity (x + a) (x + b) = X2+ (a+b)x+ab
we get (x +4) (x +1).

9x? =25 =(3x)* = (5)°

Now comparing it with Identity III, X’ - y2 = (x+y) (x—y), we get

5 9xr—25=(3x+5)(3x-5).
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(i) Here you can see that
25a° +40ab + 166 = (5a)* + 2(5a) (4b) + (4b)?
Comparing this expression with 2+ 2xy + y2,

we observe that x=5a and y =4b

Using Identity I, (x+ y)2 = x*+ 2xy + y2
we get 25a% +40ab + 16b° = (5a + 4b)?
= (5a +4b) (5a + 4b).
(iv) Here 49x> — 112xy + 6417, we see that
49x? = (7x)%, 64y* = (8y)* and
112 xy = 2(7x) (8y)
Thus comparing with Identity II,
-y = x* - 29 +)7,
we get, 49x% — 112xy + 64y° = (7x)* — 2(7x) (8y) + (8y)*
= (7x - 8y)
=(7x - 8y) (7Tx — 8y).

=

Factorise the following using appropriate identities

9
(i) 494>+ 70ab + 25b° @ —%
(i) #—2¢+ 1 @) x> +3x+2

So far, all our identities involved products of binomials. Letus now extend the identity I to
atrinomial x + y +z. We shall compute (x +y + z)z.

Let x+y=t then(x+y+z)* =@+ z)*
=2+ 21z + 2 (using Identity I)
=(x+ y)2 +2(x+y)z+ z (substituting the value of ‘t”)
=x2+2xy+yz+2xz+2yz+z2

By rearranging the terms, we get X2+ y2 +22+ 2xy +2yz+ 2zx

FRee DisTRIBUTION BY A.P. GOVERNMENT



51

Alternate Method :
You can also compute (x +y + z)2 by regrouping the terms
[+ )+ 21 =+ +2(c+0) () +(2)°
=x2+ 2xy + 7 + 2xz + 2z + 2 [From identity (1)]
= x2+y2+22+2xy+2yz+2xz

In what other ways you can regroup the terms to find the expansion ? Will you get the same

result ?

So, we get the following Identity

Identity V:(x+y+z)2 = x2+y2+z2+2xy+2yz+2sz

Expand (2a+3b+5)* using identity.
Comparing the given expression with (x +y + z)z,
we find that x =2a, y=3bandz=>5
Therefore, using Identity V, we have
(2a+3b+5)* =(2a)* + (3b)* + (5)* + 2(2a)(3b) + 2(3b) (5) + 2(5) (2a)
= 4a® + 9b% + 25 + 12ab + 30b + 20a.

Find the product of (5x —y +z) (5x —y + 2)
Here (5x -y +z) (5)c—y-|rz)=(5x—y+z)2
=[5y + (=) + 2
Therefore using the Identity V, (x + y + z)2 = x7+ y2 +72+ 2xy + 2yz + 2zx, we get
(Sx+ (=) 2 = (507 + () + (2)° + 2(5%) () + 2() (2) + 2(2) (53)
= 25x° +y2 S 10xy — 2yz + 10zx.

Factorise 4x° + 9y2 +252% - 12xy — 30yz + 20zx
We have
4% + 9y2 +252% - 12xy — 30yz + 20zx
= [(2x)* + (=3)% + (52)* + 2(2x)(=3y) + 2(=3y)(52) + 2(52)(2x)]
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Comparing with the identity V,

(x+y+z)2 = x2+y2+z2+2xy+2yz+2zx, we get
= (2x - 3y + 52)°
=(2x -3y + 5z) (2x — 3y + 52).

(1) Write (p+2q+ ) in expanded form. @
() Expand (4x—2y— 3z)2 using identity
(i) Factorise 4a*+ b* + * —4ab +2bc —4ca using identity.
So far, we have dealt with identities involving second degree terms. Now let us extend
Identity I to find (x +y)’.
We have
@+y) = (x+p) (x+y)
= (¢ + 20 +)%) (@ +)
= x(" + 2xy +37) + p(x* + 2xy +)7)
= X+ 2x2y + xy2 + x2y + 2xy2 +y3
=x>+ 3x2y + 3xy2 er3
= x>+ 3xy (x +y) +)°
=x +37 + 30p(x +).

So, we get the following identity.

Identity VI: (x+ y)3 = x>+ y3 + 3xy (x + ).

o .
'."_ I'l_

How can you find (x — y)3 without actual multiplication ?
Verify with actual multiplication.

You get the next identity as

Identity VII: (x — y)3 X - y3 - 3xy (x—y).
=x’ - 3x2y + 3xy2 - y3

Let us see some examples where these identities are being used.
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Write the following cubes in the expanded form
() (2a+3b)* (i) 2p - 5)°
(1) Comparing the given expression with (x + y)3 , we find thatx =2a and y=3b
So, using Identity VI, we have
(2a + 3b)’ = (2a)° + 3b)’ + 3(2a)(3b) (2a + 3b)
=84’ +27b° + 18ab (2a + 3b)
= 84> +27b° + 364°b +54 ab’
= 8a> + 36a°b + S4ab” + 27b°.
(i) Comparing the given expression with (x — y)3, we find thatx=2pandy =5
So, using Identity VII, we have
2p -5 = (2p)’ = (5 =3(2p)(5) (2p ~5)
=8p> — 125 -30p (2p - 5)
=8p> — 125 — 60p* + 150p
=8p> — 60p> + 150p — 125.

Evaluate each ofthe following using suitable identities

(i) (103)° (i) (99)°

(1) We have
(103)* = (100 + 3)*
Comparing with (x + y)3 = x>+ y3 +3xp(x +y) we get

= (100)> + (3)* + 3(100) (3) (100 + 3)

= 1000000 + 27 +900(103)

= 1000000 + 27 + 92700

=1092727.

(i) We have (99)° = (100 — 1)
Comparing with (x — y)3 = x- y3 —3xy(x —y) we get
=(100)> — (1) = 3(100)(1) (100 — 1)
= 1000000 — 1 — 300 (99)
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=1000000 -1 —29700

=970299.

Factorise 8x° + 36x%y + 54x)° + 27y°.
The given expression can be written as
8x° +36x%y + 54x)? + 27 = (2x)° + 3(2%)% (3p) + 3(2x) By)* + (3y)°
Comparing with Identity VI, (x+ y)3 =+ 3x2y + 3>xy2 + y3,
we get = (2x+ 3y)3

= (2x +3y) (2x + 3y) (2x + 3y).

1. Expand (x+ 1)3 using an identity -
2. Compute (3m — 2n)3 :

3. Factorise @’ — 3a°b + 3ab”> — b’.

Now consider (x +y +2z) (x2 + y2 i Xy — yz — zX)
on expanding, we get the product as
o222 2,22
= x(x"+y " +zf—xy—yz—zx) +y(x*+y +z" —xy — yz — zx)

+z(x2+y2+zz—xy—yz—zx)

R v

= x>+ y +2°— 3xyz (on simplification)
Thus

Identity VIII : (x +y +z) (x2 +y2 + 7 —Xy—yz—Xxg) = x +y3 +70— 3xyz

Find the product
2a+b+c) (4a2+b2+02—2ab—bc—2ca)

Here the product that can be written as
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= 2a+b+c)[(2a)* + b* + * = 2a)b) — (b)(c) - (¢) 2a)]
Comparing with Identity VIII,
x+ty+z) (P +yP+2 —xy—yz—zx) = X +) +2° = 3xyz
=(2a)* +(b)’ +(¢)’ - 3(2a) (b) (c)

=84°+ b+ ¢ — 6abc

Example-26. Factorise a’ — 8b* — 64¢° — 24abc
Solution : Here the given expression can be written as
a’ — 8b> — 64¢ — 24abc = (a)’ + (=2b)° + (=4c)® — 3(a)(=2b)(-4c)
Comparing with the identity VIII,
x3+y3 +2° - xyz= (x+y+2) (x2+y2+22— Xy — yz — zX)
we get factors as
= (a—2b- 4¢) [(a)° + (= 2b)* + (= 4c)’ = () (- 2b) = (= 2b) (— 40) — (~ 4¢) (a)]
= (a—2b — 4c) (a +4b* + 16¢% + 2ab — 8bc + 4ca).

1ESE &
1. Find the product (@ — b — ¢) (&> + b* + > — ab + bc — ca) without =%
actual multiplication.

2. Factorise 27a° + b>+8¢> — 18abc using identity.

Example-27.  Give possible values for length and breadth of the rectangle whose area is
2x% + 9x -5.

Solution : Let/, b be length and breadth of a rectangle
Area of rectangle = 2x2 +9x =5
Ib =2x"+9x =5
=2+ 10x—x—5
=2x(x+5)—-1(x+5)
=(x+5@2x-1)
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length = (x +5)
breadth = (2x — 1)
Let x=1, /=6, b=1
x=2, 1=7,b=3
x=3, [=8, b=5

Can you find more values ?

. Use suitable identities to find the following products

Q) G+5E+2) () -5 @=35) (i) Gx+2)3x—2)

(iv) (xz +%)[x2 —%j W (1+x) (1+x)

X X

. Evaluate the following products without actual multiplication.

11
() 101 x99 (i) 999 x 999 (i) S0-x49-

@) 501x501 v) 30.5 x29.5

. Factorise the following using appropriate identities.

Q) 16x% + 24xy + 9? () 47%—4y+1
y2
(i) 4x° N (v) 184*-50
v) ¥ +5x+6 (vi) 3p*—24p +36

. Expand each of the following, using suitable identities

() (x+2y+42)* () (2a-3b)° (i) (—2a+5b-3c)

a b ? 2 Y
(iv) (Z—gﬂj ® @+1) (vi) [x—gyj

. Factorise

() 25x° + 16y +4z* — 40xy + 16yz — 20xz
() 9a®+4b*+16¢* + 12ab — 16bc — 24ca
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If a+b+c=9 and ab + bc + ca =26, find a® + b + .
Evaluate the following using suitable identites.

G (99)° G (102)° (i) (998)° (v) (1001)°
Factorise each of the following

() 8a°+ b+ 12a%b* + 6ab* () 8a°— b — 12a°h* + 6ab?

12 6 1
Gi) 1—64a> — 12a + 484° (iv) 8p3—?p2+2—5p—3
. Verify () '+ =@ +y) Py ()0 -y = (- p) 0 Fay+))

using some non-zero positive integers and check by actual multiplication. Can you call
these as identites ?
Factorise (i) 274’ + 64b° (1) 49y3 — 1000 using the above results.

Factorise 27x° + y3 +2°— 9xyz using identity.

1
Verify that X -Iry3 +22- 3xyz = E(?C"'JH‘Z)[(X_J’)2 + (y—z)2 + (Z—x)z]

If x+y+z=0, showthatx3+y3+z3=3xyz.

Without actual calculating the cubes, find the value of each of the following

M 10+ +@)° (i) (28)° +(=15)° +(-13)’
1Ny (5
— gl =] =12 . 3 3 n 3
(iit) [2J (J (6) @) (0.2)"—(0.3)"+(0.1)
Give possible expressions for the length and breadth of the rectangle whose area is given
by () 4a°+4a-3 (i) 254* —35a+ 12

What are the possible polynomial expressions for the dimensions of the cuboids whose
volumes are given below?

i) 3x*-12x (i) 12)° + 8y — 20.
Show thatif 2(a*+b%) = (a+b)%, thena=b
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i

In this chapter, you have studied the following points.

1.

A polynomial p(x) in one variable x is an algebraic expression in x of the form

_ n n—1 2
px)=ax +a, x +.... +ayx” +a; x + ay, where ay, a, a,, .... a, are
respectively the coefficients of x°, x!, %%, ... x" and n is called the degree of the
P n. n—1 . . .
polynomialifa, #0. Each a,x";a, x" ;... a,,1s called a term of the polynomial

).
Polynomials are classified as monomial, binomial, trinomial etc. according to the number
ofterms in it.

. Polynomials are also named as linear polynomial, quadratic polynomial, cubic polynomial

etc. according to the degree of the polynomial.

A real number ‘a’ is a zero of a polynomial p(x) if p(a) = 0. In this case, ‘a’ is also
called a root of the polynomial equation p(x) =0.

Every linear polynomial in one variable has a unique zero, a non-zero constant polynomial
has no zero.

Remainder Theorem : If p(x) is any polynomial of degree greater than or equal to 1 and
p(x) is divided by the linear polynomial (x — a), then the remainder is p(a).

Factor Theorem : If x — a is a factor of the polynomial p(x), then p(a)=0. Also if
p(a)=0 then (x — a) is a factor of p(x).

Some Algebraic Identities are:
D ey P22 = X2 + 12 + 22 + 2y + 2yz + 2zx
y y y T L)
@ G+
(i) (x—y)’
(@iv) x3+y3 e -3xyz= (x+y+2z) (x2+y2+22—xy—yz—zx) also
M) X4y = x+y) @@ -+
Y= (x-p) (P D)

X4y +3x(x +)

X =y = 3xp(x —y)

V) x’ -y
Brain teaser

If\/x+\/x+\/ﬁ... = \/x\/x\/r then

what is the value of x.




